In this letter, the localization of terrestrial nodes when unmanned aerial vehicles (UAVs) are used as base stations is investigated. Particularly, a novel localization scenario based on received signal strength (RSS) from terrestrial nodes is introduced. In contrast to the existing literature, our analysis includes height-dependent path loss exponent and shadowing which results in an optimum UAV altitude for minimum localization error. Furthermore, the Cramér-Rao lower bound is derived for the estimated distance which emphasizes, analytically, the existence of an optimal UAV altitude. Our simulation results show that the localization error is decreased from over 300 m when using ground-based anchors to 80 m when using UAVs flying at the optimal altitude in an urban scenario.
I. INTRODUCTION
Modern connectivity requirements have carried broadband wireless technologies to a new dimension where unmanned aerial vehicles (UAVs) are used as complementary base stations to guarantee connectivity in all accidental circumstances [1] - [4] . The fast deployment of such connectivity infrastructure has become possible due to recent UAV technology that allows well controlled movement and hovering for small UAVs [5] . Alongside the enormous connectivity potential, location-aware services are also essential, particularly in case of emergencies to locate the user and provide relief services efficiently.
Localization techniques have been extensively studied in the literature for outdoor scenarios using terrestrial anchors (TAs) [6] . Ranging solutions based on received signal strength (RSS) are particularly attractive because of their intrinsic simplicity and for not requiring extra antennas or time synchronization. A well-known natural representation of the relation between RSS and distance is obtained from the path loss model equation [6] .
UAVs as aerial anchors were presented in [7] - [9] . In [7] a probabilistic localization algorithm is introduced where a simplified path loss model is used. In [8] a bound on the position error of terrestrial nodes (TNs) is defined where distances are estimated using round trip time. Moreover, a range-free localization mechanism based on the connectivity information is discussed in [9] .
Nevertheless, all these works ignore the effect of the UAV altitude on both the shadowing effect and the path loss exponent.
To address this issue, we refer to the recent reports that model the channel characteristics for UAV to ground communication links [1] - [4] . These studies show that the path loss slope and the fluctuation around the average loss due to shadowing (also known as excessive path loss), diminish as the UAV elevation angle and hence altitude increases. The relative variation of these two important factors suggests an interesting trade-off between the lower shadowing effect and smaller path loss exponent at higher altitudes which may finally lead to lower or higher localization error as the UAV altitude varies. To the best of our knowledge, such an important trend in the localization error has not been studied yet and is an open question.
In this paper, we introduce a novel analytical framework for terrestrial nodes (TNs) localization in urban environments using UAVs. In contrast to the previous works, our proposed framework includes height-dependent path loss exponent and shadowing parameters which enables us to explore the optimal positioning of the UAVs for maximum localization accuracy for different types of urban environments. First, by formulating the problem we study the impact of the UAVs altitude and their hight-dependent relative distances for minimum overall localization error. Then, the Cramér-Rao lower bound (CRLB) of the estimated distance is derived as a function of both the elevation angle and the UAV-to-TN distance, which affirms analytically the existence of the optimal altitude. Lastly, simulations have been carried out to study the effect of the UAVs altitude, distance between UAVs and the number of UAVs on the localization accuracy. Our results show that the localization error is decreased from over 300 m to 80 m with UAVs at the optimum altitude as compared to that of the TAs in an urban environment. Moreover, the localization error is further decreased with a factor of 2 when optimizing in addition to the altitude, also the distance between the UAVs. Finally, we show that the required number of anchors can be significantly reduced by placing them at altitude.
The rest of the paper is organized as follows. In Section II, we introduce the system model and the path loss model. Then, the localization problem using UAVs is introduced in Section III. In Section IV the simulation results are presented. Finally, the work is concluded in Section V.
II. SYSTEM MODEL
Consider a network of UAVs flying within altitudes of 100 m − 3 km and acting as aerial anchors that aim to localize randomly distributed TNs in a given area. The on-board communication technology depends on specific application communication requirements. Appropriate technologies could be as advanced as LTE or WiFi, or as simple as LPWAN [2] . To localize TNs, RSS technique is considered, therefore, the conclusion of this paper applies to wide set of technologies [6] . RSS-based ranging techniques require at least three UAVs to localize any TNs.
In order to represent the UAVs inter distance with one variable l, these UAVs are assumed to fly forming an equilateral triangle with side lengths of l and the same adjustable altitude h, as shown in Fig. 1 . As illustrated in this figure, r i represents the distance between the ith UAV's projection and the TN to be localized. The elevation angle of the ith UAV with regard to TN is denoted by θ i .
In order to estimate the distances between UAVs and the TN, a path loss model between the UAV and the TN (in dB) can be used to represent the received power measurements as a function of direct distance d (in meters) and the elevation angle θ = tan −1 (h/r). In this work we consider the path loss model with formulation presented in [10] . However, we incorporate the dependencies of shadowing and the path loss exponent on the elevation angle as proposed in [1] - [4] . Subsequently, the path loss model can be written as
where K is a constant dependent on antenna gains and the received power at a reference distance d o (assumed to be 1 m throughout the paper), θ is the elevation angle (in radian), and α(θ) is the path loss exponent. In (1), moreover, ψ(θ) represents the shadowing effect which is a log-normal distributed random variable with zero mean and variance σ 2 (θ) (in dB):
Following [1] - [4] , one can write
where σ LoS (θ) and σ NLoS (θ) correspond to the shadowing effect of the independently distrusted LoS and non-LoS (NLoS) links respectively, and can be written as
with a j and b j being frequency and environment dependent parameters. Furthermore, P LoS (θ)
is the probability of LoS given by
where a o and b o are environment dependent constants. It is to be noted that P LoS (θ) in (5) is an approximation of the P LoS given in [2] in cases where the height of the TN is disregarded compared to h, e.g., for TN's height equal to 1.5 m, the minimum altitude, h (min) is 50 m. Finally, the path loss exponent is expressed as
where a 1 = α( π 2 ) − α(0) and b 1 = α(0). Accordingly, α(θ) decreases as θ increases within the bounds α( π 2 ) ≤ α(θ) ≤ α(0). In particular, α( π 2 ) and α(0) are the path loss exponents for free space and the adopted environment respectively. For instance, α( π 2 ) = 2 and α(0) ∈ [2.7, 3.5] in urban areas [10] . Consequently, for urban areas, 2 ≤ α(θ) ≤ 3.5.
III. LOCALIZATION USING AERIAL ANCHORS
The position of a TN in 2D coordinates is defined as (x, y). Given the fixed projection (x i , y i ) of the ith UAV on the ground, we first estimate the distances
Subsequently, the multilateration (trilateration in case of three anchors) method can be used to estimate the node's position. In multilateration, least squares are used to estimate the location of the node (x,ŷ) according to the estimated distances.
A. Problem Formulation
Assuming that R i is the coverage radius of the ith UAV as illustrated in Fig. 1 , in order to localize a TN it has to be within the coverage zone of at least three UAVs (i.e., r i ≤ R i where i = 1, 2, ..., N and N ≥ 3 is the number of available UAVs). Consequently, the first constraint to localize the node is expressed as r i ≤ R i . Now given the estimated distance r i and known projection (x i , y i ) of the ith UAV, the position (x, y) of the TN can be estimated by finding the (x,ŷ) that satisfies
This formulation provides the nodes' positions for a given h. For an estimated location (x,ŷ) of a node, the localization error is given by
where r = [r 1 , r 2 , ..., r N ],r = [r 1 ,r 2 , ...,r N ] and . represents the euclidean distance. For simplicity one can assume that the TN is in the range of the ith UAV for all examined values of h. Now, in order to find the optimal altitude h (opt) that minimizes the localization error, the optimization problem can be described as
In (9) we minimize the error for h. The optimization problem depends explicitly on N and implicitly on l, as changing l affects both the horizontal distance r i and the direct distance d i .
Intuitively, the estimated distanced 2 i between a TN and the ith UAV depends on the path loss model, and hence on the height of the UAV. Referring to (3), for a given TN the shadowing effect at low values of h will be relatively high causing large localization error. As h increases, the shadowing effect decreases: based on (6) concurrently, the resolution will also decrease. In the case of low resolution namely, low slope, small shadowing will produce a large localization error. Therefore, we assert that for a group of TNs, an optimum altitude h that minimizes the localization error is likely to be present. The existence of such altitude in which the effect of lower resolution and shadowing is balanced, is numerically studied in Section IV.
B. Cramér-Rao lower bound
A crucial performance benchmark for ranging-based localization techniques is the CRLB of the estimated distance as it well defines a lower limit for the variance of any (asymptotically) unbiased estimator [11] . To obtain the CRLB for the estimated distance, recall the path loss model given in (1) . This model describes the behavior of the received power at different distances and altitudes. Additionally, it considers the randomness due to the shadowing. Consequently, the time-averaged received power (in dBm) can be expressed as
where C is a constant (in dBm) which depends on the transmit power and received power to RSS transduction. Note that for a given distance d, the time-averaged received power given in (10) is a stochastic variable following a shifted version of the probability density function (PDF) of ψ(θ). Accordingly, the PDF of P r conditioned on d and θ is given by
where w ia an auxiliary variable. The CRLB of the estimated distance denoted asd is then expressed as [11] 
where E P r |d,θ {.} is the expectation conditioned on d and θ. Using the PDF given in (11) , it is straightforward to show that
We now proceed to write a closed-form equation by substituting (3) and (6) in (13) and subsequently (13) in (12). Then, after simplifications, one obtains
It is worth noting that, σ CRLB given in (14) presents a performance measure for individual range estimators, i.e., UAVs. Evidently, from (14), the accuracy of the estimated distance depends on both d and θ. Therefore, one is able to control the system performance by adjusting the elevation angle which, for a given r, implicitly adjusts the UAV's altitude h. In general, the existence of an estimator that achieves the CRLB confirms the tightness and hence the benefit of the CRLB [11] . In the next section we investigate the maximum likelihood estimator (MLE) and show that it resembles the CRLB.
IV. SIMULATION RESULTS AND DISCUSSION
We assume 1000 TNs uniformly distributed in a circular area with a radius of 1000 m and centered at (x, y) = (0, 0). Moreover, a system frequency of 2GHz is considered. The path loss model considered in this work has some constants that control the shadowing (a j , b j ) with j ∈ {LoS, NLoS}, the probability of LoS (a o , b o ) and the path loss exponent (a 1 , b 1 ) . The values used for these constants are summarized in Table I . These values were chosen as recommended in [1] - [3, 10] for urban environments. In the following, we assumed three UAVs placed as vertices of an equilateral triangle with sides length of l = 500 m are serving the TNs, unless mentioned otherwise. Each UAV is assumed to collect five RSS samples at the same position before estimating its distance to the TN.
CRLB trend and its tightness: In Fig. 2 the CRLB of the estimated distance between one UAV and one TN, as given in (14), is presented as a function of h. Firstly, the standard deviation of MLE, σ MLE (d) as compared to σ CRLB is illustrated. As shown in the figure, σ MLE (d) resembles σ CRLB which confirms the tightness of σ CRLB . Secondly, the figure shows that for large values of r, σ CRLB first decreases and then increases: 1) σ CRLB decreases with h: although d and θ increase with h, a slight increase of θ will exponentially increase P LoS . 2) the CRLB increases with h, as h r, a small increase of h will considerably increase d making it the dominant part. Finally, for small values of r, e.g., r = 10 m, σ CRLB represents a linear function of h. When here the localization error decreases as h increases, since the shadowing effect will be decreasing with h. Moreover, P LoS is also increasing with h. On the other hand, when h exceeds 750 m, the low resolution curve will be more sensitive to shadowing effects (i.e., small variations in the path loss model curve will lead to a large estimation error), this leads to an inverse relation between h and the localization accuracy. This interesting trade off between the curve resolution, represented by the path loss exponent and the shadowing, produces h (opt) at which the two factors are balanced. Same trade-off also exists in the suburban environments as shown in Fig. 3a . In suburban areas an improvement over 150 m on localization accuracy is obtained, whereas in case of urban environments we can go from over 300 m localization error using TAs to 80 m using UAVs flying at h (opt) . It is worth remarking that, the optimum altitude h (opt) can be mapped to an optimal evaluation angle as for an average distance r, θ (opt) = tan −1 (h (opt) /r). For instance, this gives us θ (opt) ≈ 50 • in urban areas.
The impact of UAVs inter distances: Fig. 3b presents the localization error for a TN 650 m (the average distance from the center) away from the center of the network as a function of the distance between UAVs for urban and suburban environments. As shown in the figure, for urban areas, at an initial UAV distance of l = 100 m the localization error reaches 200 m for h = 1000 m. This is due to the fact that, in trilateration method, at small l any low estimation error in the distance will lead to a large error in the estimated location. Moreover, increasing l improves the localization accuracy where an accuracy of 60 m is achieved at l = 600 m for the same h. Eventually, as l keeps increasing, the distance will become too large to give an acceptable distance estimate, making a low localization error impossible.
The impact of the number of UAVs: The localization accuracy with different number of UAVs with increment of 3 (i.e., N = 3, 6, 9, etc) is presented in Fig. 4 . We consider adding UAVs in equilateral triangles with increasing edge l of 20 m steps, i.e., if l = 100 m for N = 3, then the next triangle has l = 120 m. As shown in the figure, the impact of adding more UAVs as aerial anchors can significantly increase the localization accuracy, even without optimizing h or l. As one can see, the 150 m accuracy that can be achieved with three UAVs at h = 1000 m, requires around 15 TAs with a typical height h TA = 50 m. Accordingly, to achieve a predefined localization error, the number of required aerial anchors is much lower than that of TAs which highlights the effectiveness of UAVs deployment for localization.
V. CONCLUSION
The improvement in localization accuracy of TNs when using UAV anchors and relying on RSS techniques has been investigated. Particularly, we defined an optimal altitude at which the localization error of TNs is minimized. Furthermore, CRLB of the estimated distance has been derived confirming the impact of the altitude on the distance estimation error. Our study confirmed the effectiveness of placing anchors at altitude in terms of both localization error and the required number of anchors for a target accuracy. Finally, the reported results motivate investigating other localization techniques, such as angle-of-arrival, and potentially integrate them with the proposed RSS-based framework for further improvements.
